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This paper considers the equilibrium of an unbounded elastic layer lying
on a rigid immovable base and deformed by the action of an elastic, sym-
metrically loaded, circular plate which is in contact with it over its
entire surface (Fig. 1).

Absence of friction between the plate and the layer as well as between
the layer and the base is assumed. The plate will be assumed to have unit
radius, the thickness of the layer will be denoted by h and that of the
plate by §.

We will introduce into consideration the pressure p(r) in the region
of contact between the plate and the layer. This makes it possible to
reduce the problem to the consideration of two problems. The first will
involve the study of the equilibrium of the layer under the effect of
the symmetric loading p(r) distributed over the contact region (Fig. 2),
the second comprises the study of the equilibrium of the plate under the
action of a system of external loads and the pressure p(r) (Fig. 3).
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1. We will find the link between the pressure and the normal displace-
ments of the surface of the layer in the region of contact. For this
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purpose we will follow[1].

For the above assumptions the problem reduces to the integration of
the equations of elasticity in cylindrical coordinates r, ¢, z with the
boundary conditions

2=0, w=C for z=~n, 5, =0 for z=0 (1.1)
Oz=—P(Z) (r< i), a,=0 ¢>1) for z =0 (1.2)

Here, and later, u, v, v are the components of the stress tensor in
the described cylindrical coordinate system and o, r  are the normal
and tangential stresses.

As a consequence of the symmetry of the problem, v = 0 and the remain
ing quantities do not depend on the coordinate ¢. We will use the repre-
sentation of the displacement vector in terms of hammonic functions due
to Papkovich-Neuber

duu—— 22 2pw= 0 LA —) @, O=0,—zD, (1.3)

Here p is the shear modulus, v Poisson’s ratio of the material of the
layer and ®;, ®, are functions which are harmonic in the region of the

layer. The stresses o, andr  are expressed in terms of these functions

by the formulas

rz

o o 2@
o= 2(1—y) o — 2t g S
oo D,
tpy = [(1 —2) D, — ch o ] @, = 20 (1.4)

It has been shown in [1] that by taking the harmonic functions ®,,
®, in the integral representations

o, SA(k)sh)\(h——z)Jo(kr) o
d - (1.5)
¥ }\
0y = (1 — 2) @3+ | 1ed () S To ()

0
we satisfy the boundary conditions (1.1). The function A\) is as yet
unknown and J (y) is the Bessel function. We will express the displace-
ment v of the upper boundary of the layer and the normal stresses on it
in terms of the function AQX)

[ee] o]
w = 98 ATy, o= ()\)J—"(’)’) dn (1.6)
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Here 3 is a coefficient characterizing the material of the layer

{—v
= 1.
9 - 1.7

and g(A) is the following function of A :

_ Ah-f-shhhe™®
8N = S Tsn henih (1.8)

Substituting (1.6) into (1.2) we find the conditions which must be
imposed on the function AQ\)

. (1.9)
AA (A A4 (A

py =\ L2500 @ c<n. (20T 0nda=0 >y

0 0

2. We will now consider the equilibrium of the plate shown in Fig. 3.
We will assume that the center of the plate has a given displacement K
(in certain cases it is convenient to take instead of W, the deflection
of the plate at the edge). We denote by V(r) the deflection of the plate,
fixed at the center, under the action of all forces applied to 1t, in
addition to the pressure p(r) acting on the area of contact with the
layer. The deflection under the action of the pressure p{r) we denote by
K. For the detemmination of the last we have the following equation and
boundary conditions, corresponding to a free edge [21]:

o R . I
_ad?[%?dr_ (r%"_ﬂ =0 for r=1 (2.2)
R i T

W=0 for r==0 (2.%)

Here D is the cylindrical rigidity of the plate, E Young’'s modulus of
its material and v Poisson's ratio. Using the expression p from (1.9),
we integrate Equation (2.1) to give

= — 5 2B v e+ 2.5)
0

+Co (8 S (Inr — 1)+ Ca () Inr + Cy (V] dh

As a consequence of the boundedness of the displacement W at the
point r = 0 one must set C;(A) = 0. Satisfying the conditions (2.2},
(2.3) and (2.4) we find
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€9 =287, + 2 [ =2 )+ 27, )]

Co() = —WI (1), Ce(\)=—1 (2.6

The total displacement of the points of the plate in correspondence
with what has been said at the beginning of the section is

w=Wo+V () +W(r) (2.7)

Equating the displacement of the plate to the vertical displacement of
the upper boundary of the layer in the region of contact we obtain the
second integral condition which must be imposed on the function A(\)

a§ s et —g + (2.8)

1
+ 57 [0+ + G mr— ) —t L =WtV () <D

Equations (1.9) and (2.8) represent a system of two integral equations
for the determination of the function A(A).

3. Following [1] we will seek the solution of the system A(A) in the
form 1
2A0) { ¢ (t)cosnear (3.1)

1—g(}) _0

where ¢(¢) is a new unknown function.

We will carry out on the right-hand side of (3.1) an integration by
parts and substitute the result into the second equality (1.9)

o] < 1 ©o
\ JT“‘:% To(rydr =L [ (1) Jo () sin —\{#wa { 1o sin M)
¢ 0 0 0
Using the known formula
3 . _ {0 mprE 0t <r
S Jo(Ar)sin M dh= { (tt—rm~" mpE t>r (3.2)
0

we verify that the integrals on the right-hand side vanish for r > 1;
therefore, the second condition (1.9) is satisfied identically.

Substitution of A(A\) from (3.1) into (2.8), change of order of inte-
gration and utilization of the formula
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o
SJ" (M) cos Mdh z{e . for t>r
J (r2—t%y~"  for O{t<r

leads to the relation (r < 1)

o«

r& ;f;’_d‘ﬁ +IS @(t)§ {—gM o)+ (3.3)

0 0

+ 31%7\8 [Jo(“)-—i—l— Cy L:-+ ngg-(lnr——i)]}cosltd)\dt=W0—{-V(r)

We will use for the transformation of the second integral the formulas
5 tem fYamo 9 1om
Ty ()= = S cos (hrsin)df, r% = %S Psin?fds, 1= S d8
0 0 0

Hom (3.4)

The validity of the last formula may be verified directly by integra-
tion and utilization of the definite integral
Hom
\ Insinddh = — - In2
]
We substitute (3.4) into the second integral (3.3) and introduce in
the first a new variable by setting t = r sin 6. Then (3.3) reduces to
the form

17 1
| [psint)+ (o) Rrsind, nat] =W +V () < (35)
0 0
Here -
R(z, t) = %S { ome [cosha -+ COVE +C () (n2e — - 1] _

]

— g (M) cosha} dh (3.6)

Equation (3.5) is the equation of Schlomilch 131
A
g F (rsin0)dd = f(r)

¢

the unique solution of which with a continuous derivative will be
Y

F (z) = —i—[/(O) " S # (wsin 8) de] (3.7)

[}
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In the original notation (3.7) takes the form

1 V.m
cp(x)—!—Stp(t)R(x, t)dt:%[WO—}-x S V’(xsinﬂ)dﬂ] << (3.8)
[ 0

Equation (3.8) is a Fredholm integral equation of the second kind. If
its solution with a continuous derivative in the interval [0,1] exists,
then the formulas (3.1), (1.5) and (2.5) give the solution of the posed
contact problem. Using Fornula (3.2), one may obtain the expression for
the pressure p in the contact region directly in terms of p

1
17 () )d
p= o |vice —\Vazn) )

We will evaluate the force P acting on the layer from the side of the
plate

¢

P=2n§1 prdr = %ES{ Vfg)rz _S ;/t:id:z}rdrx

1 1

=§)_“{¢(1)_S(S (1) V’d’ d)dt}z%’igcp(t)dt (3.10)

Thus, the solution of the posed problem has been determined for given
Wo. In the case where W is unknown but the magnitude of a concentrated
force applied at the center is given, the equation expressing the equal-
ity of the forces, evaluated in (3.10), and the sum of the projections
of all external forces applied to the plate on the z-axis serves for the
determination of W,

The expression (3.6) may be simplified considerably.

4. We substitute in (3.6) the expression for C; from (2.6); as a re-
sult we obtain

2 x? 34v
R )= o[l 0+ 5 [5585 Shmcos“dt— (&.1)

i:v S cos At Jz()\)d)\]————(ln2x )iojl(')\) cos)\t‘d)\}—

—LG@+ 1)+ Gz—1)

Here

g(M)coshrdh (4.2)

I (z, t) = S co;zxt ( oshz+ L) A2 10(7\) 1)(1)\, G(z) =

0

OQ/‘BS
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All integrals, except for G(x), may be evaluated. We use the formulas

(31

Q

Ja()dh = — (1—212), S Jy(Mcosktdh=VI—8  (4.3)

We now differentiate I with respect to x
(oo}
al cos M
Bz
0

[— sin Az 4 AxJo (M) dh (4.4)

Differentiation is justified, since the obtained integral converges
uniformly with respect to x. We introduce into the consideration the
integral

II = S —}-\ili%[—sin%x—l—)\x.fo()»)]dk B >0
0

Obviously its limiting value for 8-+ 0 coincides with dI/dx.

The following formulas hold [4]:

{ coshs

§ forg Mo () dh = ch LK (B) (4.5)
S %dx =45 (e P=DEi [ (z— 1)] + e~P=HD Ei[B (z + 1)) —
’ — P OEi[—B(x—t)] — ePEHDEF[— B (2 4 t)) (4.6)

Here K,(8) is the Macdonald function and Ei(8) is the exponential in-
tegral. Using their expansions for small 8

Ko@) =—mB+m24+C+ ... Eilf]=C+In|B|+B+...

and Formulas (4.6) and (4.7) we obtain

=limN=22C+Wm2— 1)+ 27 mjz—t|+ 25 m@ 1 47)
ox B0

Here C is Euler's constant (C = 0.5772). Integrating (4.7) with

respect to x we obtain the expression for the unknown integral

I=5222C+m2—1)+ ¢ (z—0(nz—t|—1)+
+ @+ nr(n]z -t — ) —F2(nt— ) (4.8)
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Substitution in (4.1) of the integrals (4.3), (4.8) gives

Rz, ) =1K (5, )— LG+ 1)+ Ga—1)

Here
K (z, t) = 22 [20_1_1112__,2_%1;*3;)“(1._‘]/1—9)4— 11: t2]+
YH@—t)+H@+0)—2H@)—YT—e L2
1
H(z) = >zt (In|z|—1), 1= 7D

In the particular case where one is concemed with the interaction of
the plate with the half-space (h » =), the function g(A), and with it
G(x), vanishes and the kernel R(x, t) of Equation (3.8) assumes the
specially simple form

Rz, ) =7K (=, 1)

The free term of Equation (3.8) in this case does not change. Then
Equation (3.8) and the other formulas give a new solution of the earlier
studied problem (cf, for example, [5,6]).

5. As and example we consider a plate, at the center of which there
is applied a concentrated force P. In this case ¥V(r) = 0 and Equation
(3.8) takes the form

1
m(x)-{—gR(w, o (t)ydt =1 O<z<Y) (5.1)
0

into which there has been introduced for the convenience of the computa-
tions the new unknown @w(x), related to ¢(x) by the equation

¢ x) = —?;Wow (=) (5.2)

In the case of contact of the plate with an elastic half-space the
equation is

1
m(x)—}-'{SK(x, Hoe(t)dt =1 <) {3.3)
¢
We achieve the solution of (5.3) by a numerical method, replacing its
integral by an approximate expression based on the trapezoidal rule.
Satisfying Equation (5.3) at a number of points we obtain a system of
linear algebraic equations., Its solution for not-too-large values of the
parameter y has been found by the method of successive approximations.
Using (3.10) and (5.2) we find the connection between the applied force
P and the deflection of the plate under it
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1
Py

a('();—_gm(t)dt _.-—.'W‘;
0

The following table gives the results of the computed values of the
function w(x) of (5.3) for y = 0.0, 0.3, 0.5, 1.0, 1.5.

TABLE

¥=0,0 v=0,3 v=0.5 v==1.0 v=1.5
0.0 1.000 1.000 1.000 1.000 1.000
0.1 1.000 0.992 0.987 0.979 0.973
0.2 1.000 0.971 0.957 0.931 0.913
0.3 1.000 0.943 0.915 0.865 0.830
0.4 1.000 0.908 0.863 0.783 0.730
0.5 1.000 0.867 0.802 0.689 0.615
0.6 1.000 0.821 0.734 0.582 0.484
0.7 1.000 0.769 0.657 0,463 0.338
0.8 1.000 0.712 0.574 0.332 0.177
0.9 1.000 0.651 0.482 0.187 —0.002
1.0 1.000 0.584 0.382 0.029 —0.199

For the stated values of y the values of the function a(y) in accord-
ance with (5.4) are

1=0.00 0.3 0.5 1.0 1.5
a(y)=1.000 0.843 0.766 0.633  0.546

It follows from the table that for y > 1.5 the function w(x) remains
negative for x near unity. Then, in correspondence with (3.9), the
pressure p likewise remains negative for r = l(lo > 0). In the formula-
tion of the problem complete attachment of the plate to the layer has
been assumed, and therefore the obtained results are fully applicable.

If it is admitted that the plate lies freely on the layer, its edge
will tear away from the layer for the stated values of y and the above
solution loses meaning, Clearly such tearing occurs for values of y
larger than Y, for which the condition w(1) = 0 is fulfilled.

More detailed computations than those given in the table show the
critical value y : Y, = 1.053. For the study of the problem of a layer
of finite thickness the computations may be performed by the same method
using the table of the function G(x) of [11].

We present the results of computing y, 8sa function of the thickness
h
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+=0 0.5 1 2
Te=1.053  1.019 0.889  0.623

This dependence of y.(ﬁ'l) permits the following conclusion to be
drawn: for unchanging materials of the layer and plate the minimum thick-
ness of the plate corresponding to contact over its entire area increases
with decreasing thickness of the layer.
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